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ABSTRACT

A mathematical model that incorporates thermal emission, glufinous indulgence, heat source/sink, substance
response, with suction was used fo learn the MHD pour of Casson nanofluid in excess of a nonlinearly porous stretched
page. There are a series of nonlinear ordinary differential equations that govern the biased differential equations
through proper resemblance tfransformations, as well as then solved by the Homotopy Analysis Approach (HAM).
Numerical data and plots are employed to examine the physical limitations on liquid speed, heat, and aftentiveness. To
examine the flow characteristics at the wall, the skin friction coefficients, local Nusselt digit, and Sherwood numbers are
in addition evaluated. With much acclaim, alink between penetrable findings for specific cases is discovered.

Keywords: Nanofluid of Casson, Thermal Emission, Heat Generation/Absorption, Suction, Viscous Dissipation, HAM.

INTRODUCTION

When a magnetic field is applied to a magnetic-fluid, a fundamental phenomenon called magnetic interaction occurs. It
has been widely recognized in a variety of fields of research, including magnetic field alignment, particle separation, and
nanocrystal manipulation, among others. Abel et al. (2008) investigated the flow and heat fransfer behavior of viscoelastic
fluid over a stretching surface under the impact of viscous and ohmic dissipation. Kumaran et al. (2009) found the perfect
solution for an electrically conducting fluid flowing through a boundary layer past a quadratically stretched and linearly
permeable sheet. The thermal radiation effect on MHD flow across an exponentially stretched sheet was discussed by
Mabood et al. (2017a). Later on many problems have been discussed by few authors (lorahim et al., 2017; Kumar et al.,
2018; Reddy & Sreedevi, 2021; Mabood et al., 2015; Reddy & Shankar, 2016; Kumaretal., 2017).

Because non-Newtonian fluids have broad uses in modern industrial and technical products, many researchers are
focusing on their exploration these days. Food, ketchup, shampoos, slurries, granular suspension, paper pulp, paints,
polymer solutions, some oils, and clay coatings are just a few examples of non-Newtonian materials. A single mathematical
connection cannot identify all of the characteristics of non-Newtonian liquids. Casson fluid model Casson (1959) is a
prominent model for many fluids such as blood, chocolate, honey, etc. Casson fluid acts as solid when the shear stress is less
than the yield stress and it starts fo deform when shear stress becomes greater than the yield stress. Dash et al. (1996)
investigated the behavior of Casson fluid under yield stress through a homogeneous porous medium bounded by circular
fube. Mukhopadhyay (2013) studied flow and heat fransfer characteristics of Casson fluid over a nonlinear stretching
surface. Mustafa and Khan (2015) discussed the magnetic field effect on Casson nanofluid over a nonlinearly stretching
sheet.
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Nanofluids are one of the most exciting areas of current research because of their enormous promise for improved heat
fransmission. Choi and Eastman (1995) was the first fo coin the word "nanofluid" o designate a new category of fluid.
Masuda et al. (1993) described the phenomena of thermal conductivity augmentation as the key distinctive feature of
nanofluids. The strengthening of the heat transmission rate with regular carrier liquids is highlighted in distinct scholarly articles
(Maboodetal., 2017b; Kumaretal.,, 2019; Mabood et al., 2017b; Nadeem et al., 2013).

In fluid mechanics, viscous dissipation is a term used to describe the extinction of oscillatory velocity gradients caused by
viscous strains. This partially ireversible phenomenon is referred to as the fransfer of kinetic energy info internal energy of the
fluid. Energy dissipation and non-Newtonian fluid flow are also fascinating to engineers and scientists. According to Pop
(2010) understanding energy dissipation and fransport in nanoscale structures is critical for designing energy-efficient circuits
and energy-conversion devices. Energy dissipation and non-Newtonian fluid flow are also fascinating o engineers and
scientists. Ajayi et al. (2017) looked at the effects of viscous dissipation in a non-Newtonian Casson fluid flow across the upper
horizontal thermally stratified melting surface of a paraboloid of revolution. Khan et al. (2020) looked into how partial slip
influenced Wiliamson stagnation nanofluid flow over a stretching/shrinking surface. In the fluid flow phenomenon, the
outcomes of thermal radiation and heat transfer are crucial. Some recent study about non-Newtonian and nanofluid in
different geometries with diverse properties are in (Rao et al., 2020; Kumar et al., 2018; Mopuri et al., 2022a; Mopuri et al.,
2022b; Mohyuddin & Rizwan, 2015; Asghar et al., 2005; Mohyuddin & Gotz, 2005).

In this article, we analyzed the MHD boundary layer flow of Casson nanofluid which is obtained from the nonlinear porous
stretching of a sheet using HAM (Kumar et al., 2021; Ibrahim et al., 2018; lorahim et al., 2019; Ibrahim et al., 2020; Liao, 2012;
Hayat et al., 2012). In this study we considered suction, magnetic field, thermal radiation, viscous dissipation, heat
generation/absorption and chemical reaction.

There are non-Newtonian fluids and nanofluids that combine the Casson and nanofluid models in terms of physical
properties. As a result, these fluids can be described as a Casson-nanofluid model, as in our study, which is based on
previous nanofluid model researches [36]. The above studies did not take into account the impact of both viscous
dissipation and chemical reaction, as well as the effects of mixed convection and nanoparticles, on the mass and heat
fransfer strategy for non-Newtonian nanofluids induced by stretching sheets embedded in porous media. As far as the
authors are aware, no other published research on this area has been attempted. The novelty of this study is based on the
efficiency of chemical reactions caused by nanoparticle movements in the presence of heat generation, as well as viscous
dissipation for a non-Newtonian Casson-nanofluid model subjected to magnetic field, thermal radiation, and chemical
reaction in aporous media.

1. Mathematical Formulation

Consider a steady, two dimensional and incompressible mixed convection MHD flow of a Casson nanofluid located aty=0.
The flow is confined to y>0 and the sheet is stretched along the x-axis with velocity U, = ax’, where n>0 is a nonlinear
stretching parameter and a>0 is a constant. The fluid is electrically conducted due to an application of magnetic field
B(x) = Bx""? normal fo the sheet. The magnetic Reynolds number is assumed small and so the induced magnetic field can
be considered o be negligible. It is assumed that T, and C,, are the wall temperature and nanoparticle concentration and
as y—oo, the ambient values of temperature and nanoparticle fraction are T, and C, such that T,>T, and C,>C_. The
rheological equation of state for an isotfropic and incompressible flow of a Casson fluid is,

2| w, + Py e ., T>T
T, =
2[u3+\/12L]e”, T,>T
T, '

where y, is the dynamic viscosity of the non-Newtonian fluid, p, is the yield stress of the fluid, = is the product of the
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component of deformation rate with itself, t=e,e,, €,is the (i.j)" component of the deformation rate and . is the critical value
of this product based on the non-Newtonian model. The velocity field is taken as V=[u(x,y), v(x,y). 0]. Under the boundary
layer approximations, the governing equations for conservation of mass, momentum, thermal energy and nanoparticle
concentration of this problem can be expressed. Yousif et al. (2017) have defined Neglecting buoyancy forces, edge
effects, pressure gradient presence and the conservation equations i.e. mass, momentum, energy and nano-particle
species conservation equations, and the following may be presented as,

‘9_“+@:0’ (1)
ox oy
2 2
ua_u+va_uzv 1+L a_g_wu_v_ (2]
ox 0Oy B oy P,
2 C
o, T OLaT (po), p, T, D_(_Tj v_( i}[auj L a1 0 o
ox oy (pc) oy oy T.\0 c B (pc) oy (pc) (r-1,)
2 2
T R (@)
Ox 8y oy T, oy
Subjectto the boundary conditions
u=U,=ax", v=v, T=T, C=C, at y=0,
u—>0v—->0,T->7T,C>C, as y — oo, (5)

Following Rosseland approximation, the radiative heat fluxis,

4" 0T

3k>(< ay b

where o* is the Stefan-Boltzmnan constant and k* is the mean absorption coefficient.  Further, we assume that the

temperature difference within the flow is such that T* is expressed as a linear function of temperature, Hence, expanding T in
Taylor series about T, and neglecting higher order ferms, we obtain,

q. =~

T =47’ T-3T".

Considering the similarity fransformation Yousif et al. (201 7).

WA UL M("‘JMQ) :gf.(g)}

v 2

T-T, -C, (6)
£ ) e(a)—z—, ¢(§)—C o

W ©

2av x[%])
(n + 1)
where ( is the similarity variable,  is the stream function, f(£) is the dimensionless stream function, 8(¢) is a dimensionless

temperature of the fluid in the boundary layer region, ¢(¢) is a dimensionless concentration of the fluid in the boundary layer
region.

The stream function v is formalized in the standard way as,

e
oy’ Ox
Substituting Equation (6) in Equations (2) to (5), we obtain,

[1+Ejf'”+ff” (MK [ )
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(1+§R]9 "+Pr 0 '+ PrNbO '+ Pr N©O '2+[1+%JPrch"2+ PrO6 =0 8)

o'+ — Le/q>+ 9” Ley$ =0 9)
The boundary conditions are,

0=1, o¢=1 a (=0, (10)
f'=0, 06=0 6=0 as § —> o,

Non-dimensional skin friction coefficient C,, local Nusselt number Nu, and local Sherwood number Sh, are,

T
C. =—»_ ou _ Xq,
1 7 ,where T, =Q (1+ j[ j , Nu, =———— and 11
pU. T ey Tk, - 0y
xq
Sh, = —dn___
’ DB(CW7C'D)

where kis the thermal conductivity of the nanofluid, g, and g,,, are the heat and mass fluxes at the surface respectively given

*m3
PRSI LA (8| Ry s 12
3 Nov)) W )\

Substituting g, and g, in the preceding equations, we get

Re!”C, nil—[ ij”(o) Re."” Nu, / [1+ Rje (0) and
Re."? Sh ,/i =—4'(0)
* Vn+l

For this intent, we take the initial guesses f,, 6, and ¢, of f,6 and ¢ in the following form

fi€)=S+1-¢=,

where Re, = Y ¥ is the local Reynolds number.
A%

2. HAM Solution

0,E)=¢", (13)
$€)=c"

The linear operators are selected as
L(f)=/" 1"
L,(0)=0"-6, (14)
L (9)=0"-0,

with the following properties
L(C+Cé +Ce)=0,
L,(Cie +Cie = )=0,
Ly (Cee* +Ce = )=0,
where C,(i=1 10 7) are the arbitrary constants.
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We construct the zeroth-order deformation equations,

(=)L (f €)= /)= N[ C:p)]. (15)
(1=p)L, (0 &:2)=0,(5))=p1, N[ £ (&5p).0 (C50)0(E5 )]s (16)
(1=p)L (0 C: )00 ()= N, [ £ (G5P).0 (3 p)0(C5p)], (17)

subjectto the boundary conditions,
fO:;p)=8,  f'O:p)=1l [f'lxp)=1,
0(0;p)=1, 0 (c0; p)=0,
(18)
¢0(0:p)=1, ¢ (0 p)=0,

where,

N,[f(f;;p)]:(hr%]a}f@ )f(z; \Azf(C p) 2n [ﬁf(f;;p)J (M+K)6f(CCp)

o o’ denl o (19)
Nz[f(c;p),e(c;p)>¢(C;p)]=(1+§Rjazea%jp)+Pr(f(C;P)ae gf;”)j epenn gf;;p)% gf;;p)+PrN[[ae gf;;p)jz

+Pr(“%%{[%®f]+mge(C;p) (20)

N[ G0 @)= TEE L L 2D g e Cop), )

where pe[0,1]is the embedding parameter, h,, h, and h, are non-zero auxiliary parameters and N,, N, and N, are nonlinear
operators.

The m"-order deformation equations are follows

L(f, €)%, f,a©))=1R.(C (22)
L,©, € )%.9,.))=1, R (23)
L0, €)= %,9,. €))=1 R (C). (24)

with the following boundary conditions

1,0)=0.  1,0)=0. £,()=0.

em (0): 0’ em (OO): O, (25)

¢m (0): 07 (I)m (OO): 07

where,
R@)-[1) ,ﬂ{zfml,f, 28t )- (M+K)fm,} o
R, (&)= [1+ Rj el +Pr§fm =9 +Prszem -, +PrNt§6m e +Pr£1+BJEc§fm L +Proe, ., (27)
" 1 m—1 . Nt .
Ri (Z‘J ):¢m—1 +5Le§fm_l_i (I)i +mem_l —Y Le ¢m—l (28)
_]0, m<1

L Y 29)

3. Convergence of HAM solution

The higher deformation equations corresponding to Equations (7) to (9) subject to the boundary conditions (10) can be
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formulated using above initial guesses and linear operators and the appropriate values for the non-zero parameters h,, h,
and h, have been obtained by plotting the h-curvesin Figure 1. From the Figure, it is seen that the valid regions of h,, h,and h,
are about [-1.1, -0.1]. For h,=h,=h,=-0.62 our results are in good correlation with the existing results. Table 1 displays the
convergence of adopted method.

4. Results and Discussion

In this arficle, we studied the heat and mass transfer characteristics of Casson nanofluid over a nonlinear stretching sheet.
The arising mathematical problem is govermned by interesting parameters which include Casson fluid parameter (B).
nonlinear parameter (n), magnetic parameter (M), porous parameter (K,), suction parameter (S), thermal radiation (R),
Prandtl number (Pr), Brownian motion parameter (Nb), thermophoresis parameter (Nt), viscous dissipation (Ec), heat source
parameter (Q), Lewis number (Le) and chemical reaction parameter (y). Numerical solutions are carried out through HAM.
The obtained results are displayed through graphs and tabular forms. In the present study following default parameter values
are adopted for computations:
B=1.0,n=Pr=Le=2.0, M=Nb=0.5R=S=K, =0=0.1, Nt =03, Ec=y =0.2.
Allgraphs therefore correspond to these values unless specifically indicated in the appropriate graph.

The effect of magnetic parameters on velocity, temperature, and concentration are depicted in Figures 2, 3, and 4. Velocity
drops as the magnetic parameter M increases, but temperature and concentration have the reverse effect. The Lorentz
force created by the magnetic field is responsible for this. Figures 5, 6 and 7 illustrate the influence of Casson fluid parameter
B on velocity, temperature and concentration profiles. Increase of Casson fluid parameter B, increases the viscosity of the
fluid and as a result velocity decreases. It is also observed that temperature increases and concentration decelerates with
theincrease of .

4 : : ‘
” —M=0.0
- —f"(0) _ _
Ny t - - g 0.8+ M=0.5|
S 27 0 8'(0) ] “M=1.0
= " 0'(0) 06 \
S 0 A e _ 1 o )
= | RC-—-——---=- = = b
S N 0.4r A\
SN— .
N—) \ 4 b
~ R N\
0.2r N
-4 s TN
-1.5 -1 -0.5 0 0.5 0 ‘ s
by hy b 0 1 2 3 4 5 6 7
Figure 1. h-curves of {'(0), 6'(0) and ¢'(0) g
for 15" Order Approximation Figure 2. Impact of M on f'(£)
1 . . . . . .
Order -£7(0) -9'(0) -9’(0) —M=10.0
5 1.955455 0.210933 0.993088 0.8r1 - = M=05y
10 1.955552 0.222725 0.995894 s M=1.0
15 1.955553 0.222615 0.994708 06"
20 1.955553 0.222597 0.994487 .
25 1.955553 0.222593 0.994437 @ 040
30 1.955553 0.22592 0.94425 '
35 1.955553 0.222592 0.994421
40 1.956553 022592 0.994421 0.2y
45 1.955553 0.222592 0.994421
0
Table 1. Convergence of HAM Solution for Different Orders of 0 ! 2 3 ¢ 4 3 6 7
Approximations when § =1.0,n=Pr=Le=2.0, M = Nb=0.5,
R=8§=K =0=0.1,Nt=0.3,Ec=y =0.2. Figure 3. Impact of M on 6(&)
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Figure 4. Impact of M on ¢(&) Figure 5. Impact of § on f'(§)
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Figure 6. Impact of § on 6(&) Figure 7. Impact of § on ¢(&)

Figures 8, 9 and 10 illustrate velocity, temperature, and concentration pattermns for various nonlinear stretching parameter
values. With the growth of the nonlinear parameter n, velocity falls while femperature and concentration increase. Suction S
causes the fluid to move closer to the surface, reducing momentum, thermal boundary layer thickness, and concentration
boundary layer thickness. Figures 11, 12, and 13 depict this.

An increase in the fluid's viscosity, a drop in the permeability at the edge, or a fall in the stretching rate of the accelerating
surface causes a rise in the porosity parameter, resulfing in a gradual decrease in the fluid's flow velocity. The temperature
profile shows the opposite behaviour for different values of the porosity parameter. Figures 1410 16 depict this.

Figure 17 depicts the effect of the radiation parameter R on temperature. It has been observed that as R increases, the
femperature rises. The reason for this is because as the amount of heat energy released into the fluid increases, the

1 ‘ ‘ : : w w 1 \ \ \ \ \ w
n=0.0 —n=20.0
0.8¢ - = n=20H 08’ = = n=20j
ce =50 c =50
0.6 ‘\ E 0.6+ )
2 ) )
S A\ 1=
0.4r 3 1 0.4r 1
0.2¢ ’ . 02+ i
O I I 0 L L L
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
¢ 4
Figure 8. Outcome of n on () Figure 9. Impact of n on 0(&)
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1 ; ‘
n=20.0 §=0.0
0.81 - = n=20 0.8 1 - = S=05\
n=250 S =1.0
0.6 06"
2 2
0.4 T 04
0.2 1 0.2 N
N
S S
-~ —
0 I . T T Ses=w
0 1 2 3 4 5 6 0 5 3 4 S p
¢ ¢
Figure 10. Effect of n on ¢(&) Figure 11. Impact of S on f'(¢)
1 \ 1 ‘
'_\ S=0.0 S=0.0
0.8F "\ == §=05y 0.8 ° - =:5=05|
A\ S =1.0 et S=1.0
0.6F "\ 0.6
& "\ N
D * \ R=d
0.4r . 0.4r \
RN .
. ©N
N RN
0.2y LN 0.2} SN
LN . ~
L < - LS o
0 . L e T S e e 0 . P e P
0 1 2 3 4 5 6 2 3 4 5 6
G ¢
Figure 12. Impact of S on 6(¢) Figure 13. Effect of S on ¢(C)
1 : : 1 : : :
_K1:0.1 —KIZO.I
0.81 - 1 0.8¢ ]
. - - K =05 — — K=05
\ 1 1
06 A .. .K =10 0.6} .. K =10}
1 1
< R\ g
= 04¢ \ 0.4f :
AN .
A NG
027 RN 027 N
~ N .
t. .\_s — \.\' j .
O L L " e . 0 | pry
0 1 2 3 4 5 6 0 2 3 4 5 6
G 4

Figure 14. Effect of K, on f'(¢)

Figure 15. Effect of K, on 6(¢)

tfemperature rises. When greater Prandil number Pr values are used, heat dispersion away from the heated surface is much
slower than when smaller Prandtl values are used. As a result, as illustrated in Figure 18, temperature drops as the Prandtl
numberrises.

Figure 19 depicts the effect of the Eckert number Ec on temperature. The femperature of the wall rises as the amount of heat
added by frictional heating rises. The effect of the heat source/sink parameter Q on temperature is seen in Figure 20. The
femperature drops for negative values of (heat sink) due to heat absorption in the thermal boundary layer, as seen in the
graph. Similarly, with positive values of (heat source), heat generation happens in the thermal boundary layer, and therefore
temperature rises.
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Figure 16. Effect of K, on ¢(()
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Figure 18. Effect of Pr on 6(()
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Figure 19. Impact of Ec on 0(&)

Figures 21 and 22 reveal the implications of the Brownian motion parameter Nb on temperature and concentration fields.
Brownian motion, in general, helps to heat the fluid in the boundary layer and limit particle deposition away from the fluid on
the surface. As a direct consequence, the temperature goes up while the concentration lowers. The inclusion of
nanoparticles externally allowed the thermophoresis parameters Nt to appear. Thermal conductivity of liquid is associated
with the presence of nanoparticles. While we use higher intensity of Ni, the thermal conductivity of liquid boosts and this
elevated thermal conductivity lead to a higher tfemperature. We also identified that relatively high Nt values result in greater

nanoparticle concentrations. This is shown in Figures 23 and 24.

Figure 25 shows that an increase in Lewis number Le leads to decay in nanoparticles concentration distribution. Schmidt

1 ‘ : 1 1 ¢ ‘ ‘
—0=-0.1 ——Nb=0.1
sl - - 0=00 | 0.8F - = Nb=0.5]]
s r0=0.1 s "Nb=1.0
0.6 9 g 0.6 i
N, N,
<) D
0471 0.47 .
\’ .
0.2¢ 0.2r G
0 0 :
4 5 6 7 0 2 3 4 5 6 7
¢
Figure 20. Impact of Q on 6(¢) Figure 21. Result of Nb on 6(()
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0.8 - = Nb=0.5]]
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Figure 22. Effect of Nb on ¢(&)
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Figure 24. Effect of Nt on 6(()
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Figure 23. Result of Nt on 6(()
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Figure 25. Effect of Le on ¢(&)

number has an inverse relationship with the Brownian diffusion coefficient. Larger values of Lewis number Le correspond to a
weaker Brownian diffusion coefficient, which causes reduction in nanoparticles concentration distribution. Stronger
chemical reaction parameter leads to lower nanoparticle concentration, as shown in Figure 26. This phenomenon is
explained by the fact that destructive chemical rate increases mass fransfer rate, resulting in a drop in nanoparticle

concentration.

Local Nusselt number amplifies with R but reduces with . This is notficed in Figure 27. Assessments of -6'(0) and ¢'(0) with
recently existing literature are undertaken in Table 2, and the stats indicate a strong and positive correlation.

1
— =02
0.8 - = y=05]
\ e
0.6 "\ v=LOf
% N
04r _\
R\
02r ©N
N
X
0 Il Il Il
0 1 2 3 4 5 6

Figure 26. Effect of y on ¢(&)

1.5
—B =10
- = B=20
P =170.0
1l p
<=
=
0.5} .
i _—
0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 27. Effect of B and R on Nu,
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n Nt -0'(0) -¢'0) -0'(0) -¢'0) -0'(0) -¢'(0)

0.2 0.3 0.4533 0.8395 0.4520 0.8402 0.452019 0.840133
0.5 0.3999 0.8048 0.3987 0.8059 0.399937 0.805741

3.0 0.3 0.4282 0.7785 0.4271 0.7791 0.427223 0.779103
0.5 0.3786 0.8323 0.3775 0.7390 0.377607 0.738916

Table 2. Comparison of Local Nusselt Number and Local Sherwood Number when M=K,=S=R=Ec=Q=y=0.0, Nb=0.5, Pr=Le=2.0 and —»
Conclusions

In this paper, a boundary layer analysis of MHD flow of Casson nanofluid over a nonlinear porous stretching sheet is
presented. The use of Casson nanofluid makes this analysis a unique one. From this study the following conclusions are
made:

e Momentum boundary layer becomes thinneras increase 3, M, n.
e Temperature acts as anincreasing function of R, Ec, Nb, Nt.

e Nanoparticle volume fraction enhances with Nt.

e LocalNusselt number decreases with 3
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